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On (σ ,τ)-derivations of group algebra as
category characters
Aleksandr Alekseev, Andronick Arutyunov, and Sergei Silvestrov
Abstract For the space of (σ ,τ)-derivations of the group algebra C[G] of a discrete
countable group G, the decomposition theorem for the space of (σ ,τ)-derivations,
generalising the corresponding theorem on ordinary derivations on group algebras,
is established in an algebraic context using groupoids and characters. Several corol-
laries and examples describing when all (σ ,τ)-derivations are inner are obtained.
Considered in details cases on (σ ,τ)−nilpotent groups and (σ ,τ)−FC groups.
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1 Introduction
The general theory of derivations for C∗-algebras, W ∗-algebras, Banach, normed
and topological algebras, motivated by many parts of Mathematics and Mathemati-
cal Physics, has developed since 1950’th. Fundamental derivation theorems describ-
ing conditions for all or almost all derivations being inner, constructions of outer
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derivations and related cohomology methods and generalizations have been devel-
oped forC∗-algebras,W ∗-algebras and some related classes of Banach, normed and
topological algebras and their representations [1, 2, 8, 11, 15, 16, 22, 24–27, 30–34,
46, 47, 51–55].
For group algebras, the derivation problem is formulated as follows: ”Under what
conditions all derivations in a group algebra are inner?”. There are many kinds of
group algebras based on algebraic structure, topological structure, measure struc-
tures and choices of function spaces for the group algebra elements. For the group
algebra L1(G), the derivation problem is important for investigations in measure
theory and harmonic analysis, operator theory, operator algebras and cohomologi-
cal constructions [15][question 5.6.B, p. 746]. The derivation problem for L1(G) of
a locally compact group G was considered in [40], where it was mentioned that all
derivations of L1(G) are inner.
It is important to note that in the cited publications derivations are considered in
topological context of the classes of algebras and modules equipped with normed
or more general topological structures. If we consider the problem in algebraic way
it is easy to find examples of non-inner derivations [4–6]. Algebraic view on the
derivation problem is also presented in [3] together with more complete bibliogra-
phy.
We consider in this article (σ ,τ)-derivations, the linear operators on an asso-
ciative algebra satisfying a generalized Leibniz rule D(xy) = D(x)τ(y)+σ(x)D(y)
twisted by two linear maps σ and τ . The (σ ,τ)-derivation operators include, for
example, the ordinary derivations on commutative and non-commutative algebras,
the q-difference and (p,q)-difference operators on algebras of functions, the super-
derivations, graded colored derivations and q-derivation on graded associative al-
gebras. Since 1930’s, (σ ,τ)-derivations and subclass of σ -derivations have been
shown to play a fundamental role in the theory of Ore extensions and iterated Ore
extension rings and algebras, skew polynomial algebras and skew fields, Noethe-
rian rings and algebras, differential and difference algebra, homological algebra,
Lie algebras and Lie groups, Lie superalgebras and colored Lie algebras, operator
algebras, non-commutative geometry, quantum groups and quantum algebras, dif-
ferential geometry, symbolic algebra computations and algorithms q-analysis and
q-special functions and numerical analysis. [9, 10, 13, 14, 18, 28, 29, 35–37, 41–43,
45, 50]. The space of (σ ,τ)-derivations and subspace of σ -derivations have been
recently used in [12,17,21,38,39,48,56,57] in general constructions of quasi-Hom-
Lie algebras and their central extensions, extending Witt and Virasoro Lie algebras
to context of (σ ,τ)-derivations, with special emphasize on (σ ,τ)-derivations and
σ -derivations on commutative algebras such as unique factorization domains, alge-
bras of polynomials, Laurent polynomials and truncated algebras of polynomials in
one or several variables.
In this paper, we consider (σ ,τ)-derivations and σ -derivations of the group
algebra C[G] of a discrete countable group G. We apply the approach proposed
in [4–7,44] for the description of derivations in group algebras to study the space of
(σ ,τ)-derivations of the group algebras.
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Section 2 contains general definitions and preliminaries on (σ ,τ)-derivations and
group algebras considered in the article. In Section 3, we construct a groupoid Γ
associated with the group algebra and the pair of maps (σ ,τ) in the (σ ,τ)-twisted
Leibniz rule for (σ ,τ)-derivations, (σ ,τ)-conjugacy classes and characters on this
groupoid.We also construct an isomorphism between the space of (σ ,τ)-derivations
on a group algebra of countable group and the space of locally finite characters on
the associated groupoid (Theorem 1). In Section 4, we define and describe quasi-
inner (σ ,τ)-derivations, as well as a class of not quasi-inner derivations. We prove
Theorem 2 which describes the view of quasi-inner (σ ,τ)-derivations. In Section
5 we consider the case of (σ ,τ)-nilpotent groups and obtain a description of the
(σ ,τ)-derivation algebra (see Theorem 3). For the case of inner endomorphisms
and a Heisenberg group, we calculate the (σ ,τ)-derivations in the group algebra
(see results in subsection 5.3). The Section 6 is dedicated to the case of (σ ,τ)−FC
groups which are natural generalization of usual FC-groups on our ”twisted” case
of (σ ,τ)-derivations. For this class of groups we show some simple properties (see
Proposition 9) and construct a description of (σ ,τ)-derivations (Theorem 4).
2 General definitions and preliminaries
In this section, we recall some basic definitions and properties of main objects stud-
ied in the rest of the article.
Definition 1. Let A be an associative algebra over a field K and (σ ,τ) is a pair of
K -linear endomorphisms of A . A (σ ,τ)-derivation D : A → A is an K -linear
map such that the following twisted by (σ ,τ) generalized Leibniz identity
D(ab) = D(a)τ(b)+σ(a)D(b) (1)
is satisfied for all a,b ∈ A . If τ = idA , the generalized Leibniz identity is twisted
by one map σ as follows
D(ab) = D(a)b+σ(a)D(b), (2)
and the (σ , idA )-derivationD is called σ -derivation. If τ = σ = idA , then the usual
Leibniz identity
D(ab) = D(a)b+ aD(b), (3)
holds, and D is called a derivation on A .
The set of all (σ ,τ)-derivations on A is denoted by D(σ ,τ)(A ). The set of all
σ -derivations is denoted by Dσ (A ), and the set of all derivations is denoted by
D(A )
The set D(σ ,τ)(A ) of (σ ,τ)-derivations on A is a linear subspace of the space
of linear operators on A as a K -linear space.
For any (σ ,τ)-derivation on A ,
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D(a(bc)− (ab)c) = D(a(bc))−D((ab)c) =
= D(a)τ(bc)+σ(a)D(bc)−
(
D(ab)τ(c)+σ(ab)D(c)
)
=
= D(a)τ(bc)+σ(a)
(
D(b)τ(c)+σ(b)D(c)
)
−
(
D(a)τ(b)+σ(a)D(b)
)
τ(c)−σ(ab)D(c) =
=D(a)
(
τ(bc)− τ(b)τ(c)
)
+
(
σ(a)σ(b)−σ(ab)
)
D(c).
SinceA is associative, a(bc)−(ab)c= 0, and since D is linear,D(a(bc)−(ab)c)=
0, and hence
D(a)
(
τ(bc)− τ(b)τ(c)
)
+
(
σ(a)σ(b)−σ(ab)
)
D(c) = 0 (4)
Note that for the identity element e, in general, D(e) = D(e · e) = D(e)τ(e) +
σ(e)D(e), or equivalently, D(e)(e− τ(e)) = σ(e)D(e), implying that if τ(e) =
σ(e) = e (as for example for group endomorphisms), then D(e) = 0.
In this article we will be interested only in (σ ,τ)-derivations D with σ ,τ ∈
End(G) and D(e) = 0.
If A is an associative algebra over a field K , and σ and τ are algebra endomor-
phisms on A , then for any p ∈A the map δp : A →A given by the (σ ,τ)-twisted
generalised commutator δp(x) = pτ(x)−σ(x)p, is a (σ ,τ)-derivation on A , since
for each x,y ∈A , we have
δp(xy) = pτ(xy)−σ(xy)p= pτ(x)τ(y)−σ(x)σ(y)p =
= pτ(x)τ(y)−σ(x)pτ(y)+σ(x)pτ(y)−σ(x)σ(y)p=
= δp(x)τ(y)+σ(x)δp(y).
Definition 2 (inner (σ ,τ)-derivation). If A is an associative algebra, and σ and τ
are algebra endomorphisms on A , then (σ ,τ)-derivations δp for p ∈ A are called
the inner (σ ,τ)-derivations of A .
Throughout this article, the group algebraK[G] of a group (G, ·) over the field K
means the linear space of mappings f : G→K of finite support with the pointwise
operations of multiplication by scalars and addition, and the algebra product defined
as convolution
( f ∗ g)(x) = ∑
u·v=x
f (u)g(v) = ∑
u∈G
f (u)g(u−1x). (5)
where all sums are finite because f and g are of finite support. With these operations,
the group algebra is an unital associative algebra with the algebra unity coinciding
with the indicator function Ie of the group unity e ∈ G, that is I(e) = 1K and I(e) =
0K otherwise. The elements f ∈K[G] often are conveniently presented as the formal
linear combinations of elements of G with coefficients in K written as ∑g∈G f (g)g
or ∑g∈G fgg similar to usual way of writing polynomials and Laurent polynomials.
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3 Groupoid and characters
For any mapping D : C[G]→C[G] and any g ∈ G, the element D(g) ∈ C[G] can be
written as
D(g) = ∑
h∈G
λ hg h, λ
h
g ∈C.
When D : C[G]→ C[G] is (σ ,τ)-derivation, the (σ ,τ)-twisted Leibniz rule (1) for
g1,g2 ∈ G →֒C[G] becomes
D(g2g1) = D(g2)τ(g1)+σ(g2)D(g1),
λ hg2g1 = λ
hτ(g−11 )
g2 +λ
σ(g−12 )h
g1 . (6)
Here we apply an approach developed in [4, 6, 7, 44] to describe derivation in
terms of groupoid geometrical properties. We construct a groupoid Γ associated
with the group algebra in the following way:
• Ob j(Γ ) =G
• For all a and b ∈ Ob j(Γ ) a set of maps is Hom (a,b) = {(u,v) ∈ G×
G |σ(v−1)u= a,uτ(v−1) = b}
• A composition of maps ϕ = (u1,v1) ∈ Hom (a,b), ψ = (u2,v2) ∈ Hom (b,c)
is a map ϕ ◦ψ ∈ Hom (a,c), such that
ϕ ◦ψ = (u2τ(v1),v2v1). (7)
Remark 1. We do not have in formula (7) the map σ explicitly. But if the composi-
tion ϕ ◦ψ exists, then t(ψ) = s(ϕ). This means that
σ(v−11 )u1 = u2τ(v
−1
2 ).
The last formula gives us a connection to map σ in (7).
We will be interested in some internal structure issues of the groupoidΓ . If mor-
phism (u,v) ∈ Hom(a,b), then u= σ(v)a and uτ(v−1) = b. Therefore we have
b= σ(v)aτ(v−1).
It gives the following description of subgroupoidΓ[a]
Ob j(Γ[a]) = {σ(v)aτ(v
−1)|v ∈ G}. (8)
Definition 3. A subset [a]σ ,τ = {σ(g
−1)aτ(g) |g∈G} is called a (σ ,τ)-conjugation
class of the u.
The set of (σ ,τ)-conjugation classes is denoted G(σ ,τ). If two (σ ,τ)−conjugacy
classes intersect, then they coincide. So the set of group elements is represented as
a disjoint union of (σ ,τ)−conjugacy classes
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{G}=
⊔
[u]σ ,τ∈G(σ ,τ)
[u]σ ,τ .
The set [a](σ ,τ) := {σ(v)aτ(v
−1) |v ∈ G} can be understood as (σ ,τ) analogue
of conjugacy class. If the (σ ,τ)-class [a] contains just one element, then we will say
that a is a (σ ,τ)-central element of G.
It is easy to see that Γ as disjoint union of the groupoids Γ[u]σ ,τ (see [4], [5]):
Γ =
⊔
[u]σ ,τ∈G(σ ,τ)
Γ[u]σ ,τ (9)
Definition 4. A linear map χ :Hom(Γ )→C, such that
χ(ϕ ◦ψ) = χ(ϕ)+ χ(ψ), (10)
is called a character on the groupoid Γ .
Characters with natural sum operations andmultiplication by scalar form a vector
space. It’s naturally to define the support of character χ in following way
suppχ = {ϕ ∈ Hom(Γ )|χ(ϕ) 6= 0}. (11)
Further we will be interested just in those characters which are connected with
derivations.
Definition 5. The character χ such that, for fixed v∈Ob j(C) , χ(u,v)= 0 for almost
all u ∈ Ob j(C) is called a locally finite character.
Let X(Γ ) be a space of the all locally finite characters on Γ . From formula (9)
we get the decomposition of the space X(Γ ) in following way
X(Γ ) =
⊕
[u]σ ,τ∈G(σ ,τ)
X(Γ[u]σ ,τ ), (12)
where X(Γ[u]σ ,τ ) denotes the locally finite characters supported in Γ[u]σ ,τ .
Consider a map Ψ : D(σ ,τ)(C[G]) → X(Γ ), such that if D(g) = ∑
h∈G
λ hg h, then
Ψ(D)(h,g) = λ hg . The mapΨ
−1 is constructed in the same way,
Ψ−1(χ)(g) = ∑
h∈G
χ(h,g)h.
Theorem 1. Consider the discrete countable group G with σ ,τ ∈ End(G). Then,
the mapΨ : D(σ ,τ)(C[G])→ X(Γ ) is an isomorphism.
Proof. On the one hand, we show that Ψ(D) ∈ X(Γ ). Due to the definition of the
groupoid Γ , there exists a following composition of maps:
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(hτ(g−11 ),g2)◦ (σ(g
−1
2 )h,g1) = (h,g2g1).
Using the equation (6) one obtain:
Ψ(D)(h,g2g1) = λ
h
g2g1
=
= λ
hτ(g−11 )
g2 +λ
σ(g−12 )h
g1 =Ψ(D)(hτ(g
−1
1 ),g2)+Ψ(D)(σ(g
−1
2 )h,g1). (13)
The latter equationmeans thatΨ(D) satisfies the property (10). Thus,Ψ(D)∈X(Γ ).
On the other hand, due to the property of locally finiteness,
Ψ−1(χ)(g) = ∑
h∈G
χ(h,g)h ∈ C[G],
andΨΨ−1 = IdX(Γ ),Ψ
−1Ψ = IdD(σ ,τ)(C[G]).
4 Quasi-inner (σ ,τ)-derivations
Recall that inner (σ ,τ)-derivation δp is given by formula
δp : x 7→ pτ(x)−σ(x)p.
The corresponding by Theorem 1 character is trivial on loops.
Proposition 1. For the given inner (σ ,τ)-derivation δp a corresponding character
Ψ(δp) is trivial on loops, in the other words ∀a ∈ Ob j(C) and ∀ϕ ∈ Hom(a,a) the
valueΨ(δp)(ϕ) = 0.
Proof. If pτ(g) = σ(g)p, thenΨ(δp)(pg,g) = λ
pτ(g)
g −λ
σ(g)p
g = 1− 1= 0. Other-
wise, if ϕ ∈Hom(p, p) then ϕ = (pτ(g), p) = (σ(g)p, p).
Not all locally finite characters which are trivial on loops are given by an inner
derivation even for ordinary derivations (see [4, page 76 (example)]).
Definition 6. A (σ ,τ)-derivation D is said to be a quasi-inner if the corresponding
characterΨ(D) is trivial on loops.
When mapping σ and τ are identity mappings (σ ,τ)-derivations are equal to
usual derivations on group algebra C[G]. In this case quasi-inner derivations form
an ideal which contains ordinary inner derivations ( [7, Theorem 4.1]), and quasi-
inner derivations can be easily calculated (see Theorem 2).
Definition 7. An element a∈G is said to be (σ ,τ)-central if aτ(v) = σ(v)a ∀v∈G.
Proposition 2. For the given group G, maps σ ,τ ∈ End(G), (σ ,τ)-central element
a and a homomorphism ϕ :G→C, a map D(g) = ϕ(g)σ(g)a is a (σ ,τ)-derivation.
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Proof. Using first the definition of D, then (σ ,τ)-centrality of the element a and
then homomorphism property of ϕ and σ and finally again the definition of D one
obtains:
D(g1)τ(g2)+σ(g1)D(g2) = ϕ(g1)σ(g1)aτ(g2)+σ(g1)ϕ(g2)σ(g2)a=
ϕ(g1)σ(g1)σ(g2)a+ϕ(g2)σ(g1)σ(g2)a =
(ϕ(g1)+ϕ(g2))σ(g1)σ(g2)a= ϕ(g1g2)σ(g1g2)a= D(g1g2).
which means that D is a (σ ,τ)-derivation.
Definition 8. The (σ ,τ)-derivation D is called a (σ ,τ)-central.
The (σ ,τ)-central derivations give us an example of noninner (σ ,τ)−derivations.
For the case of general group algebra they were studied in [5].
Proposition 3. The nonzero (σ ,τ)-central (σ ,τ)-derivation D is not quasi-inner.
Proof. The character’s value Ψ (D)(σ(g)a,g) = ϕ(g), and since (σ(g)a,g) is a
loop, the (σ ,τ)-derivation D is not quasi-inner.
Quasi-inner (σ ,τ)-derivations can be calculated in the following way. Consider
a map (u,v) ∈Hom(Γ ). Let t,s :Hom(Γ )→ Ob j(Γ ) be a target and source maps,
such that φ = (u,v) : s(φ)→ t(φ). If the character χ is trivial on loops then exists
function Pχ : Obj(Γ )→ C such that
χ(φ) = Pχ(t(φ))−Pχ(s(φ)).
That means that if χ is locally finite character, then the following formula is valid
for a quasi-inner (σ ,τ)-derivation DP:
DP(g) = ∑
h∈G
(Pχ(t(h,g))−Pχ(s(h,g)))h = ∑
h∈G
(Pχ(hτ(g
−1))−Pχ(σ(g
−1)h))h.
In other words we get the following statement.
Theorem 2. If D∈QInn(Γ ), then exists a finitely supported function P :Ob j(Γ )→
C such that for generators g ∈C[G],
D(g) = ∑
h∈G
(P(hτ(g−1))−P(σ(g−1)h))h.
Remark 2. The function P from the theorem is not unique. It is determined up to the
addition of a constant on each subgroupoid.
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5 (σ ,τ)−nilpotent groups
5.1 General case of (σ ,τ)−nilpotent groups
The following concepts are similar to the terms from classic group theory. Deriva-
tions in classic rank 2 nilpotent groups were studied in [5].
Definition 9. A subgroup Zσ ,τ = {z ∈ G |σ(z)p = pτ(z)∀p ∈G} is called a (σ ,τ)-
center of the group G.
Of course z ∈ Zσ ,τ is equivalent to the fact that there is single object in sub-
groupoid Γ[z].
It is worth mentioning that the (σ ,τ)-center is not a subgroup of (σ ,τ)-central
elements, which were introduced in Definition 7.
Definition 10. A subgroup Zσ ,τ(u) = {z ∈ G |σ(z)u = uτ(z)}, u ∈ G is called a
(σ ,τ)-centraliser of the element u.
Proposition 4. A subgroup Zσ ,τ ⊂ G is a normal subgroup.
Proof. Let us show that for z ∈ Zσ ,τ and g ∈ G an element gzg
−1 ∈ Zσ ,τ or in the
other words pτ(gzg−1) = σ(gzg−1)p ∀p ∈ G. Indeed,
pτ(gzg−1) = pσ(z) = σ(σ−1(p)z) =
σ(τ−1(τ(σ−1(p))τ(z))) = σ(τ−1(σ(z)τ(σ−1(p)))) = σ(τ−1(σ(z)))p,
σ(gzg−1)p= σ(τ−1(σ(z)))σ(gg−1)p= σ(τ−1(σ(z)))p.
In accordance with the definition of Γ the source of the map (σ(g)p,g) is the ob-
ject p, the target is σ(g)pτ(g−1) and the inversemap (σ(g)p,g)−1=(pτ(g−1),g−1).
That means that g−1Zσ ,τ(p)g= Zσ ,τ(σ(g)pτ(g
−1)).
Definition 11. A group G such that G/Zσ ,τ is abelian is called a (σ ,τ)-nilpotent
group with rank 2.
Proposition 5. Consider the (σ ,τ)-nilpotent group G with rank 2. Then all ele-
ments in Ob j(Γ[u]σ ,τ ) have the same (σ ,τ)-centralizer group or, in the other words,
Zσ ,τ(σ(g)pτ(g
−1)) = gZσ ,τ(p)g
−1 = Zσ ,τ(p).
Proof. Consider an element zp ∈ Zσ ,τ(p). Let [zp] be a class in quotient group
G/Zσ ,τ . Due to the fact, that G/Zσ ,τ is abelian, one obtain, that [gzpg
−1] = [zp].
Thus, there exists an element z ∈ Zσ ,τ , such that zpz = gzpg
−1. That means, that
gzpg
−1 ∈ Zσ ,τ(p).
Corollary 1. If there is a subgroupoidΓ[u]σ ,τ with the infinite number of objects, then
each character χ ∈ X(Γ[u]σ ,τ ) is trivial on loops.
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Proof. The proof is immediately follows from the statement that for the given
(σ ,τ)-derivation D the corresponding characterΨ(D) has to be locally-finite. Con-
sider an object a ∈ Ob j(Γ[u]σ ,τ ). Then, since
Zσ ,τ(σ(g)aτ(g
−1)) = Zσ ,τ(a),
if there is a loop
(aτ(g),g) ∈Hom(a,a),
then every set Hom(b,b) ∀b ∈ Ob j(Γ[u]σ ,τ ) has a map
(bτ(g),g) ∈Hom(b,b).
Due to the fact that
χ(aτ(g),g) = χ(bτ(g),g),
one obtains that if χ(aτ(g),g) 6= 0, then a character χ does not satisfy the property
of locally-finiteness.
We are going now to generalize the result of the corollary as a following theorem.
Theorem 3. If G is rank 2 (σ ,τ)-nilpotent group then
D(σ ,τ)
∼=
⊕
#[a](σ ,τ)<∞
Z∗(σ ,τ)(a)
⊕
QInn(Γ ), (14)
where Z∗(σ ,τ) is the space of group characters of the centralizer Z(σ ,τ)(a), i.e. Z
∗
(σ ,τ)=
Hom(Z(σ ,τ),C), and QInn(Γ ) is a space of the all quasi-inner derivations on Γ .
Proof. As we noted above
Γ =
⊔
Γ[u]σ ,τ .
This implies the following decomposition
X(Γ ) =
⊕
X(Γ[u]σ ,τ ),
where X(Γ[u]σ ,τ ) is the denotation of locally finite characters supported in a sub-
groupoid Γ[u]σ ,τ . If the class [a](σ ,τ) is infinite, then by Corollary 1 characters from
the subspace X(Γ[u]σ ,τ ) are quasi-inner.
Now consider finite class [u](σ ,τ). In Γ[u]σ ,τ each set of maps {(aσ(g),g) |a ∈
Ob j(Γ[u]σ ,τ )} is finite because the set of objects is finite. That means that each char-
acter on this subgroupoid is locally finite. Each equivalence class of the characters
which have equals values on loops, i.e. χ1−χ2 ∈ QInn, is defined by an element of
the group Z∗(σ ,τ)(u).
Whence we get that
D(σ ,τ)(Γ[u]σ ,τ )
∼= Z∗(σ ,τ)(u)
⊕
QInn(Γ[u]σ ,τ ).
From the above it follows the statement of the theorem.
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Remark 3. Remind that if u ∈ Zσ ,τ then the space QInn(Γ[u]σ ,τ ) is trivial.
Group (σ ,τ)-nilpotency is necessary for triviality of characters on loops on infi-
nite subgroupoids. If our groupG is not nilpotent then the right side of (14) is just a
subspace in the space of all (σ ,τ)-derivations.
Following to the papers cited in introduction of this article we will describe con-
ditions of quasi-innerness of (σ ,τ)-derivations.
Corollary 2. For groups satisfying the conditions of the Theorem 3, all (σ ,τ)-
derivations are quasi-inner if and only if the following condition is satisfied: all
(σ ,τ)−centralizers are such that factor-group Z(σ ,τ)(a)/Z
′
(σ ,τ)(a) is a periodic
group.
Here Z′(σ ,τ)(a) is a commutant of group Z(σ ,τ)(a). Recall that a periodic group is
a group such that all elements have finite order.
Proof. The groupZ(σ ,τ)(a)/Z
′
(σ ,τ)(a) is naturally abelian. The periodicity of a group
is equivalent to triviality of the space of group characters Z(σ ,τ)(a)/Z
′
(σ ,τ)(a). Triv-
iality for each a ∈ G of spaces Z∗(σ ,τ)(a) – is equal to triviality of first term in (21).
So from the Theorem 3 we get that all (σ ,τ)-derivations are quasi-inner.
5.2 The case of inner endomorphisms
Let G be a discrete rank 2 nilpotent group and σ ,τ ∈ Aut(G) act for fixed elements
σ˜ , τ˜ ∈ G as follows
σ(u) = σ˜uσ˜−1, τ(u) = τ˜uτ˜−1.
Let Z(G) be the usual center of G.
Remark 4. We remind, that the group G is said to be rank 2 nilpotent group, if and
only if the quotient groupG/Z(G) is abelian. In our notation nilpotent rank 2 group
is a rank 2 (id, id)-nilpotent group.
Proposition 6. The usual center of G is equal to Zσ ,τ .
Proof. Consider z ∈ Z(G). Then
σ(z)a = σ˜zσ˜−1a= za = az= aτ˜zτ˜−1 = aτ(z).
Thus, Z(G)⊂ Zσ ,τ . Now consider z ∈ Zσ ,τ . Then
σ(z)a = aτ(z)→ z= σ˜−1aτ˜zτ˜−1a−1σ˜
Since σ˜Gτ˜−1 = G as sets, the latter equation holds for every g ∈ G. Thus, Z(G) =
Zσ ,τ .
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Corollary 3. The discrete rank 2 nilpotent group G coupled with (σ ,τ) pair is a
rank 2 (σ ,τ)-nilpotent group.
Proof. As we mentioned before, a quotient group G/Z(G) is abelian and Z(G) =
Zσ ,τ . Thus, the given group is a rank 2 (σ ,τ)-nilpotent group.
5.3 Heisenberg group
Our results and observations allow us to calculate all (σ ,τ)-derivations in Heisen-
berg group. In the calculation we will use results in [5][Section 3.3]. Recall that
the Heisenberg group H is a group of unitriangular integer matrices. We denote the
group algebra as H .
Classes [u]σ ,τ in Heisenberg group either consist of one element or infinite. That
means that by Theorem 3
Dσ ,τ(H ) = ZDerσ ,τ
⊕
QInn,
where ZDerσ ,τ denotes (σ ,τ)-central (σ ,τ)-derivations from Definition 8.
Description of (σ ,τ)-central derivations is quite simple.
The homomorphisms ϕµ,ν to additive group of complex numbers look alike
ϕµ,ν :


1 a c
0 1 b
0 0 1

 7→ (µa+νb). (15)
The center of groupH (both (σ ,τ) and usual by Proposition 6) contains elements
zr =


1 0 r
0 1 0
0 0 1

 .
Consider
σ˜ =


1 σa σc
0 1 σb
0 0 1

 , τ˜ =


1 σa τc
0 1 σb
0 0 1

 . (16)
Proposition 7. For each centralizer element u = σ(g)uτ(g−1)∀g ∈ G there exists
r ∈ R, such that u = zr. In the other words, (σ ,τ)-centralzers and elements from
Z(σ ,τ) = Z(G) become equal.
Proof.
u=


1 ua uc
0 1 ub
0 0 1

 ,g =


1 ga gc
0 1 gb
0 0 1

 ,
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σ(g)uτ(g−1) =


1 ua uc+ gaub− ubga
0 1 ub
0 0 1


Thus, from the equation u= σ(g)uτ(g−1), one gets ua = 0, ub = 0, uc = r.
The latter equation means that (σ ,τ)-derivations given by (16) become equal to
the usual derivations considered in [5].
So, we can calculate the (σ ,τ)−central derivation drϕµ ,ν on the generator of alge-
bra H :
drϕµ ,ν


1 a c
0 1 b
0 0 1

= (µa+νb)


1 a c+σab−σba+ r
0 1 b
0 0 1

 . (17)
6 (σ ,τ)-FC groups
The class of FC-groups is an interesting class of groups for which conditions are
similar to condition of finite groups.More detailed study of FC-groups can be found
in [19, 20, 49].
In classical group theory, FC-group is a group in which all conjugacy classes are
finite. In this terms abelian group is a group where all conjugacy classes contain one
element. These concepts are naturally carried to the case of (σ ,τ)-groups.
Definition 12. • Group G is a (σ ,τ)-FC group if each (σ ,τ)-conjugacy class
[u]σ ,τ ∈ G
(σ ,τ) is finite.
• Group G is a (σ ,τ)-abelian (or (σ ,τ)−commutative) if each class [u]σ ,τ con-
tains single element.
For (σ ,τ)-commutative group, the following identity holds
σ(v)u= uτ(v), ∀u,v ∈ G. (18)
Apparently the definition of (σ ,τ)-FC group is introduced in this paper for the
first time, and so we will show some properties of such groups. Let us give an
example of a source of such groups.
Proposition 8. Let endomorphisms σ ,τ acting on a group G have a finite image.
Then G is a (σ ,τ)-FC group.
Proof. If images of endomorphismsσ ,τ are finite, then each (σ ,τ)-conjugacy class
is finite by Definition 3.
Standard FC-group may not be an (σ ,τ)-FC group for arbitrary endomorphisms
(σ ,τ) even if σ and τ are inner. Let for fixed elements x,y ∈G, σx : g→ xgx
−1,τy :
g→ ygy−1. Then for a ∈G the corresponding (σ ,τ)-conjugacy class looks like
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[a]σx,τy = {xvx
−1ayv−1y−1|v ∈G}. (19)
So if G is an infinite FC-group, then we have infinite number of conjugacy
classes, so typically there is an infinite number of elements in (σ ,τ)−conjugacy
class. However the following proposition holds.
Proposition 9. A group G is a (σx,σx)-FC group if and only if G is a FC-group.
Proof. For the proof it is enough to see that for x= y formula (19) can be rewritten
in the following way
[a]σx,σx = {xvx
−1axv−1x−1|v ∈ G}, (20)
and on the right side we get
xvx−1axv−1x−1 = xvx−1a(xvx−1)−1,
so elements of [a]σx,σx are contained in the usual conjugacy class of the element a.
The following statements follows easily from Proposition 9.
Corollary 4. For each x ∈G
• For each group G holds that [a]σx,σx = [a], where [a] is the usual conjugacy
class.
• If G is an abelian group then it is (σx,σx)−abelian.
Remark 5. If group G is (σ ,τ)-abelian it may not be abelian in the usual sense. An
example of this is the case when σ = τ and an image of map σ subsets in the usual
centre of the group G.
Now we will prove an analogue of Theorem 3 for (σ ,τ)-FC groups.
Theorem 4. If G is a finitely generated (σ ,τ)-FC group, and σ ,τ are endomor-
phisms of group G, then
D(σ ,τ)
∼=
⊕
[a](σ ,τ)
Z∗(σ ,τ)(a)
⊕
Inn(Γ ). (21)
Here Z∗(σ ,τ)(a) is the space of group characters of the (σ ,τ)-centralizer Z(σ ,τ)(a) as
in our Theorem 3.
Proof. The proof of (21) in our theorem is similar to the proof of Theorem 3. Except
for onemoment: we have to proof that all quasi-inner (σ ,τ)−derivations for the case
of (σ ,τ)−FC group are inner.
For quasi-inner (σ ,τ)−derivations, the Theorem 2 is applicable. The set of ob-
jects in each subgroupoid Γ[u]σ ,τ is finite. So the following formula holds:
d(g) = ∑
h∈G
(P(hτ(g−1))−P(σ(g−1)h))h. (22)
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From formula (12) we have the following decomposition for derivation d:
d = ∑
[u]σ ,τ∈G(σ ,τ)
d[u]σ ,τ , (23)
where derivation d[u]σ ,τ is supported in groupoidΓ[u]σ ,τ . First we will prove that each
term is inner and then check that sum (23) is finite.
Consider the fixed term d[u]σ ,τ . The set of objects in Γ[u]σ ,τ is finite so the right
side in formula (22) is nonzero just for h ∈ [u]σ ,τ . That implies that derivation d[u]σ ,τ
is inner and holds the formula
d[u]σ ,τ (g) = [ ∑
h∈[u]σ ,τ
P(h)h,g]. (24)
If G is a finite or abelian group proof of innerness of derivation d is trivial. So let
G be an infinite group.
By assumption G =< g1, . . . ,gn > is a finitely generated group. If the support
of character χ contains infinite number of subgroupoids, then for some i ∈ 1..n
character is not trivial on infinite number of morphisms of the form (∗,gi), which
contradicts with locally finiteness condition which is necessary for χ to yield the
derivation.
Corollary 5. If G is a finite group then all (σ ,τ)-derivations are inner.
Proof. If G is a finite group, then the set morphisms in our groupoid Γ is finite
because the set Hom(Γ ) is a Cartesian product G×G. So the set of loops around
each object is finite. But if ζ ∈ Hom(a,a) and χ(ζ ) 6= 0 then χ(ζ n) 6= 0, so the set
of loops {ζ n|n ∈ N} is infinite which is impossible.
That gives us triviality of the character χ on all loops and it remains to apply the
Theorem 4.
The general case when maps σ ,τ are endomorphisms of group algebra was re-
viewed in [12]. In the cited paper, the following theorem (see Theorem 1.1) was
proved.
Theorem 5 (Chaudhuri, 2019). Let G be a finite group and R be an integral domain
with 1 with characteristic p ≥ 0 such that p does not divide the order of G.
1. If R is a field and σ , τ are algebra endomorphisms of RG such that they fix
Z (RG) elementwise, then every (σ ,τ)-derivation of RG is (σ ,τ)-inner.
2. If R is an integral domain that is not a field and σ , τ are R-linear extensions of
group homomorphisms of G such that they fix Z (RG) elementwise, then every
(σ ,τ)-derivation of RG is (σ ,τ)-inner.
Note that if σ and τ are identical isomorphisms, then we get a well-known theo-
rem that in group algebras for finite groups all derivations are inner.
Another natural application of Theorem 4 is a case of (σ ,τ)-abelian group. It is
easy to see that in (σ ,τ)-abelian groups the (σ ,τ)-commutator is trivial, so there
are no inner (σ ,τ)-derivations.
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Corollary 6. The σ ,τ-derivation algebra D(σ ,τ) of (σ ,τ)-abelian group coincides
with (σ ,τ)-central derivations.
Proof. It is easy to see that derivation is (σ ,τ)-central if and only if it’s support
contains single element.
Considering Remark 5 we note that the case when G is abelian group is signif-
icantly different to the case of (σ ,τ)-abelian group. The case of σ -derivations for
abelian groups was studied in [56].
Now we can find criterion of innerness of (σ ,τ)-derivations in (σ ,τ)−FC group
which is similar to Corollary 2.
Corollary 7. For groups obeying conditions of the Theorem 4, all (σ ,τ)-derivations
are inner if and only if the following condition is satisfied: all (σ ,τ)−centralizers
are such that ∀a ∈ G, the factor-group Z(σ ,τ)(a)/Z
′
(σ ,τ)(a) is a periodic group.
Here Z′(σ ,τ)(a) is a commutant of a group Z(σ ,τ)(a).
Proof. The prove is similar to prove of Corollary 2. The group Z(σ ,τ)(a)/Z
′
(σ ,τ)(a)
is naturally abelian. So locally finiteness is equivalent to triviality for each a ∈ G
of the space of group characters Z(σ ,τ)(a)/Z
′
(σ ,τ)(a). So from the Theorem 4 we get
that all (σ ,τ)-derivations are quasi-inner.
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